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This work describes a new methodology for making easier the design process of interpretable
knowledge bases. It considers both expert knowledge and knowledge extracted from data. The
combination of both kinds of knowledge is likely to yield robust compact systems with a good
trade-off between accuracy and interpretability. Fuzzy logic offers an integration framework where
both types of knowledge are represented using the same formalism. However, as two knowledge
bases may convey contradictions and/or redundancies, the integration process must be made
carefully. Results obtained, in four well-known benchmark classification problems, show that our
methodology leads to highly interpretable knowledge bases with a good accuracy, comparable to
that achieved by other methodologies. C© 2008 Wiley Periodicals, Inc.

1. INTRODUCTION

The interpretability, also called comprehensibility, intelligibility, or trans-
parency, of knowledge based systems1 is of prime importance. Such systems are
made up of two main elements, a reasoning mechanism and a knowledge base (KB).
To maintain, manipulate, and update the knowledge of such systems, their KBs
should be as interpretable as possible. Therefore, KBs have to be structured in an
understandable way. Of course, interpretability is always a desirable property for all
kinds of applications, but it is an essential requirement for those that use knowledge-
based systems with man–machine interaction, for instance decision support systems
(medicine, robotics, etc.). KBs of such systems must be easily comprehensible to
people feel confidence with them and consider their advice or suggestions.
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Obviously systems built from experta knowledge, expert systems,2 are highly
interpretable. But expert knowledge acquisition remains a hard and critical task,3

and it is considered as a bottleneck in the expert system modeling process.1,2 Some
parts of expert knowledge stay at unconscious level and are difficult to formalize.

Alternatively, systems can also be built using another source of information,
experimental data, which are likely to give a good image of interaction between
variables. There are, in the specialized literature,4 a wide range of algorithms and
machine-learning (ML) techniques for model identification that are driven by the im-
provement of accuracy indices. Some of these algorithms can be used as knowledge
induction techniques.5,6 However, understanding of these systems based on induced
knowledge is not a straightforward task. They usually are hardly interpretable.

On the one hand, the expert knowledge is usually a general knowledge related
to the most influential variables and the global system behavior. On the other hand,
the induced knowledge from data is always a specific knowledge related to the
situations described in the training data set. Both kinds of knowledge convey com-
plementary information, and their cooperation could yield compact systems with a
high performance.

There are various ways of cooperation. The simplest one consists of making a
posteriori expert validation of induced knowledge. Alternatively, expert knowledge
can be used as a priori knowledge7 to guide the induction process and/or to reduce
the computational effort in the ML process. By the way, induced knowledge can be
used to complete the expert knowledge. In some cases both, expert knowledge and
induced knowledge from data, are combined in the KB generation.8−11 As different
sources of information may include some contradictions and/or redundancies, the
integration should be made carefully and a consistency analysis is needed.

Fuzzy logic12 is chosen as a cooperation framework for both its well-known
ability for linguistic concept modeling and its use in system identification. The
semantic expressivity of fuzzy logic, using linguistic variables,13 and linguistic
rules,14 is quite close to expert natural language. This fact reduces the effort of expert
knowledge extraction. As a result fuzzy logic formalism has been widely used for
building expert systems. Also, being universal approximators,15,16 fuzzy inference
systems are able to perform nonlinear mappings between inputs and outputs, and
as a result they can also be considered in knowledge induction processes. There are
lots of methods in ML for making fuzzy knowledge induction from data.17,18 To
sum up, fuzzy logic lets us to manage expert and induced knowledge in a common
framework and is likely to ease the knowledge integration process.

The integration framework for expert and induced knowledge was outlined in
Ref. 19. First, a global semantic is defined at the level of variables and linguistic
terms. Second, the system behavior is described through linguistic rules that use
the linguistic terms defined in the previous step. Expert and induced knowledge are
considered in both phases. All along the process, several constraints are set to ensure
interpretability. As the first step is deeply described in Ref. 19, the present paper
is focused on the second one, the rule base integration level. The methodology

aThe expert is a domain expert, whose knowledge is related to the process to be modeled.
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that formalizes the whole process is called HILK (highly interpretable linguistic
knowledge bases). It includes integration, simplification, consistency analysis, op-
timization, and evaluation.

This paper deals with classification problems where interpretability is of prime
concern, such as diagnosis problems. Accuracy, at least at a given level, is also a pre-
requisite. To be worthy of consideration, the system has to be accurate enough. In any
other case, the rules would not be considered as pieces of knowledge. Anyhow pri-
ority is given to interpretability. In some cases both criteria can be satisfied to a high
degree, but in most cases it is not possible. They are conflicting goals, high accuracy
usually means low interpretability and vice versa. Finding a good trade-off between
accuracy and interpretability is one of the most difficult tasks in system modeling.20

The structure of the paper is as follows. Section 2 describes HILK, the new
methodology proposed. A schematic diagram presents the overall structure of the
process. Section 3 focuses on assessing the interpretability of fuzzy knowledge
bases; a new interpretability index is introduced. Section 4 analyzes consistency of
the rule base. Section 5 proposes a simplification procedure focused on increasing
interpretability, but preserving accuracy and consistency. Section 6 explains the ex-
periments made and the obtained results. Four well-known benchmark classification
problems have been tackled with the aim of comparing our results with those gained
by popular methodologies. Finally, Section 7 offers some conclusions.

2. DESCRIPTION OF HILK

HILK is a new methodology for building highly interpretable linguistic knowl-
edge bases through integration, consistency analysis, simplification, and optimiza-
tion processes, under the fuzzy logic formalism.

As expert knowledge and induced knowledge from data are complementary,
combining these two approaches may lead to more accurate systems. To make the
cooperation efficient, induced rules must be as interpretable as expert rules are. The
three conditions for a KB to be interpretable have been stated in Ref. 17:

1. use interpretable fuzzy partitions,
2. use a small number of rules, and
3. use compact rules for large systems.

Two main trends are found in the literature regarding the trade-off between
accuracy and interpretability. On the one hand, those which build a KB focused
on the interpretability and then try to improve the accuracy.21 On the other hand,
those which build a KB focused on the accuracy and then try to improve the
interpretability.22 According to the classification made in Ref. 23 the first approach
is called linguistic fuzzy modeling with improved accuracy, and the second one is
known as precise fuzzy modeling with improved interpretability. HILK is closer to
the first approach because it is based on linguistic fuzzy modeling, but it should
be noticed that HILK takes care of both accuracy and interpretability all along the
system modeling process.
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Figure 1. Overall structure of the knowledge extraction process.

The cooperation framework has been proposed in Ref. 19. Figure 1 shows a
schematic diagram of the whole process. It consists of the following steps:

• Defining the most influential variables according to expert knowledge and experimental
data. The expert can provide complete or partial information about the linguistic variables
(expert partitions). On the other hand, several algorithms can be used to create fuzzy
partitions from data (induced partitions). Linguistic constraints are superimposed on the
fuzzy partition definition to ensure their interpretability.

• Integrating both expert and induced partitions. The goal is to define a common universe
for each of the variables according to both expert knowledge and data distribution. The
integration (partition integration) of all available knowledge for partition design is made
previous to the rule definition.

International Journal of Intelligent Systems DOI 10.1002/int
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• Describing the system behavior. The expert is invited to express his/her system knowledge
as linguistic rules (expert rules). Also, rules are induced from data (induced rules).

• Integrating both expert and induced rules. Because of the common universe previously
defined, both types of rules use the same linguistic terms defined by the same fuzzy sets.
In consequence rule comparison can be done at the linguistic level. During this last step
(rule integration), the fundamental properties of a rule base have to be guaranteed.

The expert is supposed to be able to assess induced knowledge. Hence, the
whole integration process (partition integration and rule integration) is run under
his/her control, as shown on the left side of Figure 1. As the first step of integration
(partition level) is explained in Ref. 19, this work focuses on the second level, based
on the rule base fusion. It involves the following steps:

• A consistency analysis of the rule base, and the subsequent process for solving the detected
linguistic conflicts. A further description of this step is made in Section 4.

• A simplification procedure that increases interpretability without losing either consistency
or accuracy. Section 5 goes into details with this step.

• An optimization process with the aim of increasing accuracy but keeping interpretability.
This step is not thoroughly described in this work because it is not the main topic of
the paper. There are several optimization techniques, but present work only shows some
preliminary results in Section 6.

The design process aims to increase accuracy while maintaining interpretability.
Let us now introduce the interpretability concept as well as a new interpretability
index.

3. INTERPRETABILITY OF THE KNOWLEDGE BASE

Authors talk a lot about interpretability, but it is difficult to find a formal defi-
nition in the literature. How can interpretability be defined? An attempt to provide
such a definition is found in Ref. 24, where a formal framework is proposed. It dis-
tinguishes between a language L used for describing the model under consideration,
and a user-oriented language L′ (usually the natural language) used for explaining
the model to the user. If the system is interpretable, the translation from L to L′
should be made by the user himself in an easy way.

The use of fuzzy logic favors interpretability, but does not guarantee it. A
linguistic KB describes the system behavior using a set of linguistic variables and
rules:

1. Linguistic variables: Each system variable is described by a set of linguistic terms, mod-
eled as fuzzy sets. The use of strong fuzzy partitions (SFPs) satisfies semantic constraints25

(distinguishability, normalization, coverage, overlapping, etc.) on membership functions.
Figure 2 shows a SFP26 with five terms. This kind of partitions satisfies the next conditions:

∀x ∈ U,

M∑
i=1

µAi
(x) = 1 (1)

International Journal of Intelligent Systems DOI 10.1002/int
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Figure 2. A strong fuzzy partition.

∀Ai∃x, µAi
(x) = 1 (2)

where U = [Ul ,Uu] is the universe of discourse, M is the number of linguistic terms, and
µAi

(x) is the membership degree of x to the Ai fuzzy set.
2. Linguistic rules: The system behavior is described by means of linguistic rules of form

If condition Then conclusion where both, the condition (premise) and conclusion use
linguistic terms. The condition part is made up of tuples (input variable, linguistic term),
where the absence of an input variable in a rule means that the variable is not considered
in the evaluation of the rule. A fuzzy rule is compact if its premise is defined by a subset
of the input variables.

The interpretability of a linguistic knowledge base can be analyzed at both
levels, variable and rule levels. The number of terms defined by each variable is of
high importance for system interpretability. According to psychologists,27 7 ± 2 is a
limit of human information processing capability, so the number of linguistic terms
associated with a linguistic variable should be maintained under that limit to make
the system accurate while being understandable.

At the rule level, interpretability has to be analyzed for each individual rule
and considering the whole set of rules, as several rules are likely to be fired by a
given input vector. A rule base interpretability depends on the number of rules but
also on the number of inputs used by each rule. In short, the smaller the number of
rules the larger the interpretability, and for a given number of rules, the smaller the
number of inputs used by rule, the larger the interpretability.

However, quantifying a rule base interpretability is still an open problem. A
first attempt can be found in Ref. 28 where Nauck introduced a numerical index
obtained as the product of three terms:

• Comp: The complexity of a classifier measured as the number of classes divided by the
total number of premises.

• Part: The average-normalized partition index over all input variables. It is computed as
the inverse of the number of labels −1 (two is the minimum number of linguistic terms
in a partition) for each input variable.

• Cov: The average-normalized coverage degree of the fuzzy partition. It is equal to 1 for
SFPs.

International Journal of Intelligent Systems DOI 10.1002/int
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Figure 3. Hierarchical fuzzy system for assessing interpretability.

3.1. Proposal of an Expert Fuzzy System for Measuring Interpretability

This work proposes to build a fuzzy system for measuring the interpretability
of linguistic knowledge bases. This section describes such system that is inspired
on the Nauck’s index. Six main input variables and one output, the interpretability
index, are identified. The inputs are grouped, according to the information they
convey, and as a result a hierarchical fuzzy system (see Figure 3), made up of four
linked knowledge bases, is built.

The global behavior of the system can be analyzed through the connection
between the four rule bases. RB1 makes an estimation of the rule base dimension, it
uses as inputs the total number of rules and premises. Simultaneously, RB2 evaluates
the rule base complexity according to the number of inputs used by the rules. Then,
RB3 combines rule base dimension and complexity, and as a result it yields a rule
base interpretability index. Finally, RB4 integrates this rule base interpretability
with an evaluation of the interpretability of the variables, considering the average
number of labels defined by input and assuming that we are using SFPs.

RB1 and RB2 use similar information as inputs, since the sum of the number
of rules which use one, two, and three or more rules equals to the total number
of rules. At a first glance they could appear as redundant but both rule bases are
needed. They use similar information with a different meaning. RB1 evaluates the
dimension of the system. The larger the total number of rules and/or premises, the
smaller the interpretability. However, the number of variables used by rule is really
important to compute the interpretability index. Understanding a rule base with only
one input variable by rule is very easy. Rule analysis is still easy when two variables
are involved because the rule base behavior can be described within a table. Nev-
ertheless, when the number of variables increases, the task becomes more difficult;
the growth of complexity is not linear. RB2 tries to assess this system complexity.

To understand the whole system, it is needed to analyze separately each internal
rule base.

RB1 is shown in Figure 4. If total number of premises is low, then rule base
dimension mainly depends on total number of rules, but if total number of premises
is high, then whatever the total number of rules the system output is high.

International Journal of Intelligent Systems DOI 10.1002/int
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Figure 4. RB1 rule base.

Figure 5 describes RB2. The larger the number of rules, which use three or
more inputs, the higher the rule base complexity. The rule base behavior is described
by two tables. The left part of the figure deals with a small number of rules with
three or more inputs, whereas the right part considers a large number of those rules.

The last rule bases, RB3 and RB4, are presented in Figure 6. RB3 is detailed
on the left side of the figure. The larger the rule base dimension and/or complexity
the smaller the rule base interpretability. RB4 appears on the right side of the

Figure 5. RB2. The output is rule base complexity.
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Figure 6. RB3 and RB4 rule bases.

figure. If average number of labels defined by input is low, then the larger rule base
interpretability the larger interpretability index. Nevertheless if average number of
labels defined by input is high, the interpretability index reproduces the rule base
interpretability but proportionally reduced.

Once the system behavior has been described at a linguistic level, let us detail
the design of the corresponding linguistic terms.

All variables, the six inputs as well as the final and intermediate outputs, are
described in Table I. They are linguistic variables with a numerical universe of

Table I. System variables.

Variable Universe of discourse Number of labels

Total number of premises [N, 8 × P × N] 2
Total number of rules [N, 4 × P × N] 3
Number of rules which use 1 input variable [N, 4 × P× N] 2
Number of rules which use 2 input variables [0, 2 × P × N] 2
Number of rules which use 3 or more input variables [0, P × N] 2
Average number of labels defined by input variable [2, 9] 2
Rule base dimension [0, 1] 3
Rule base complexity [0, 1] 3
Rule base interpretability [0, 1] 5
Interpretability index [0, 1] 5
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discourse. Regular SFPs (with the number of labels shown in the table) are built
for each variable. The system is currently designed for classification problems. For
that reason, the number of classes (N) is a parameter of the system complexity. In
addition, another parameter, P, is considered. Results published in Refs. 29 and 30
showed that two is a suitable value for P, in simple problems.

Note that the proposed hierarchical fuzzy system is highly interpretable. All
variables, even the intermediate outputs, have a clear meaning. The four linked
knowledge bases are also quite small, and their understanding is easy.

Finally, it should be remarked that the use of a fuzzy system for measuring
interpretability has a main advantage against the use of numerical indices: The hier-
archical structure allows the use of various input variables in a very understandable
way.

The proposed system will be used in Section 6.2 for measuring the interpretabil-
ity of the KBs obtained in the experiments.

4. CONSISTENCY ANALYSIS OF THE KNOWLEDGE BASE

After presenting our new interpretability index, let us return to the central issue
of this paper, the description of HILK. This section presents details with the first step
of the rule integration process, the consistency analysis. We remind that this work
will not discuss about the definition of specific knowledge extraction techniques.
Some of them will be considered for experiments, but the methodology is applied
in a manner independent of the specific technique considered.

Once partitions have been defined according to expert knowledge and data, and
once rules have been written by the expert and induced from data, the first step of the
rule integration process is the consistency analysis as shown in Figure 1. The goal
is to detect potential conflictive rules. Because of the common universe previously
defined (partition integration), both types of rules use the same linguistic terms
(defined by the same fuzzy sets), and rule comparison can be done at the linguistic
level.

A given rule is operative within a part of the space defined by its premise, input
space, and conclusion, output space. In the following, the space covered by a rule is
understood at a linguistic level, and not at a numerical one. In that sense, the rules
“If X is A1 . . . ” and “If X is A2 . . . ” cover distinct parts of the input space defined
by “A1” and “A2,” even the corresponding membership functions overlap.

First, the main conflict situations to prevent are introduced (Section 4.1), then
a specific handling for these situations is proposed (Section 4.2).

4.1. Description of Linguistic Conflicts

Table II shows six situations in this regard. They are divided in two main
groups, and they are ranked in order of priority to be solved. The first group
(inconsistency) includes conflict situations that have to be fixed to guarantee the
rule base consistency. The second group (redundancy) is related to situations that
mainly affect the rule base interpretability.

International Journal of Intelligent Systems DOI 10.1002/int
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Table II. Possible conflict situations to be managed.

Conflict Premise Conclusion

1 Inconsistent rules = �=
2 Specialization ⊆� �= Inconsistency
3 Partial inconsistency ∩ �= ∅ �=

4 Identical rules = =
5 Redundant rules ⊆� = Redundancy
6 Partial redundancy ∩ �= ∅ =

Different types of relations between the input space covered by two rules
(equal, included, and not empty intersection) and two cases of rule conclusions
(either equal or different) are considered. Obviously if the spaces covered by the
rules are the same (=), then one could be considered as included in the other and
their intersection is not empty. Thus, included (⊆� ) should be interpreted as different
but one included into the other. On the other hand, not empty intersection (∩ �= ∅)
should be interpreted as spaces not included one into the other but with a nonempty
intersection.

4.2. Conflict Management

This section describes a procedure for handling those conflicts (situations 1–3)
presented in Table II. Note that the rest of situations (4–6) deal with redundancy, and
their solution is part of the simplification procedure that is described in Section 5.

Following solutions are suggested for each conflict:

1. Inconsistent rules ⇒ One of the rules should be deleted.
2. Specialization ⇒ From a semantic point of view, this could mean that the most specific

rule is a specialization of the most general one. But the implementation of this semantic
interpretation would require a hierarchical inference mechanism31 where only the most
specific rule is fired, and which is not available in the most common systems. Two main
options are available for avoiding the contradiction:

• Keep only one rule corresponding to the largest input domain and set the best
suited consequence.

• Keep the most specific rule and split the most general one, to cover the same
input domain except the one covered by the specific rule.

3. Partial inconsistency ⇒ It is necessary to split rules to avoid input domain intersection
and choose the best suited consequence for the common domain.

The conflict detection procedure must take into account the labels used in the
rule description. In addition to the basic labels, the expert may also use composite
labels. Basic labels are the elementary terms in the fuzzy partition (see Figure 2).
Composite labels are convex hulls of elementary terms corresponding to OR and
NOT combinations (only combinations of adjacent elementary terms are allowed).

International Journal of Intelligent Systems DOI 10.1002/int
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Table III. Linguistic terms.

Number Linguistic term Fuzzy set

1 A1

2 A2

3 A3

4 A4

5 A5

6 NOT(A1)

7 NOT(A2) = Smaller than A2 OR

Bigger than A2

8 NOT(A3) = Smaller than A3 OR

Bigger than A3

9 NOT(A4) = Smaller than A4 OR

Bigger than A4

10 NOT(A5)

11 A1 OR A2

12 A2 OR A3

13 A3 OR A4

14 A4 OR A5

15 A1 OR A2 OR A3

16 A2 OR A3 OR A4

17 A3 OR A4 OR A5

Table III shows the 17 terms allowed by a five elementary term partition like the
one shown in Figure 2. The most common NOT implementation consists in using
the complement of the membership degree (µNOT (A)(x) = 1 − µA(x)). To keep the
membership function convex, the complement of a given fuzzy set results in two
agglomerative terms:

NOT(Ai) ⇒
{

A1OR · · · ORAi−1 = Smaller than Ai

Ai+1OR · · · ORAM = Bigger than Ai
(3)

To achieve the conflict detection, the simplest and most intuitive procedure
consists of expanding rules into canonical forms. A canonical rule only uses the
AND operator and, at most, one linguistic elementary term of each input variable.
An OR combination involving k adjacent terms of a given variable will be expanded
in k rules, and a NOT applied to one label within a partition with M linguistic
terms will be expanded in M − 1 rules. The absence of an input variable in a rule
is equivalent to an OR combination involving all the M linguistic terms, so it will
be expanded in M rules. Note that if the number of variables and/or rules is big, and
especially when the rules involve a great number of composite labels, the number of
expanded rules increases in an exponential way. Hence, depending on the rule base,
the consistency analysis process is likely to consume time and memory resources.
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For instance, the next two conflictive rules are partially inconsistent ones:

R1: If X1 is A1
1 AND X2 is B1

2 Then Output is C1

R2: If X1 is A1
1 OR A2

1 Then Output is C2

The input space covered by R1 is included into the one covered by R2, and
their conclusions are different. R1 is a canonical rule. The complete expansion of R2
would result in 2×b rules, b being the number of terms in the B universe. However,
only the conflictive part of the rule has to be expanded, which yield the 4 following
rules:

R21: If X1 is A1
1 AND X2 is B1

2 Then Output is C2

R22: If X1 is A1
1 AND X2 is NOT(B1

2 ) Then Output is C2

R23: If X1 is A2
1 AND X2 is B1

2 Then Output is C2

R24: If X1 is A2
1 AND X2 is NOT(B1

2 ) Then Output is C2

Once rules are expanded, it is necessary to look for those rules with the same
premise and different conclusion (R1 and R21), with the aim of keeping only one
of them, that rule with the best conclusion according to available data. Finally,
the procedure tries to merge the rules again. Assuming that in this example, R1
matches better with data than R21, we get three rules without conflicts (R1, R22,
and R23 ∪ R24). On the other hand, if R21 is better adapted than R1, R1 is removed
and only R2 (one single rule) is kept.

5. SIMPLIFICATION OF THE KNOWLEDGE BASE

According to Figure 1, the next step of the rule base integration process deals
with rule base simplification. The objective is to design incomplete, more general,
rules while checking consistency and avoiding redundancy in the final rule base.
Building more general rules (as expert rules usually are) makes the system more
robust and more interpretable. The main goal of the simplification process is to
increase the interpretability of the KB, by reducing the number of rules, the premises
by rule, and the number of labels, with a controlled, if any, loss of accuracy.

In the simplification process, the data base (linguistic variables) and the rule
base (linguistic rules) are taken under consideration. Rule nature, expert or induced,
is also taken into account. In the case of conflict, priority is given to expert rules.
Figure 7 shows a schematic diagram of the knowledge base simplification process.
Depending on the original KB, the whole process could involve several iterations as
data base reduction affects rule base simplification and vice versa. This procedure
is guided by an accuracy index.

5.1. Knowledge Base Accuracy

To get an accuracy measure, the only thing to do is to compare the inferred
output and the observed one in the real system. In classification systems, the most
common index is defined as the number of misclassified cases. We will consider the
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Figure 7. Knowledge base simplification.

three following indices:

• Unclassified cases (UC): Number of cases from data set that do not fire at least one rule
with a degree higher than �.

• Ambiguity cases (AC): Number of remaining cases for which the difference between the
two highest output confidence levels is smaller than an established threshold (AmbThres).

• Error cases (EC): Number of remaining cases for which observed and inferred values are
different.

These indices convey complementary information. A good KB should minimize
all of them by offering an accurate (reducing EC), consistent (reducing AC), and
complete (reducing UC) set of rules. They can be combined to define the following
accuracy index:

Accuracy = 1 − EC + AC + UC

All cases
, AmbThres > 0 (4)

Accuracy = 1 − EC + UC

All cases
, AmbThres = 0 (5)

When the simplification process involves a modification in the KB, its accuracy
is evaluated to confirm or discard the changes. Modifications are saved only if
accuracy does not decrease under a user-defined threshold (AccThres).

Let us now go into detail of the rule base simplification procedure.
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Figure 8. Rule base simplification process.

5.2. Rule Base Simplification

The overall rule base simplification process involves four steps (see Figure 8).
First the simplify RB procedure is applied to remove redundant rules. Second the
merge rules procedure is used for building more compact and general rules. Then
we force the elimination of rules. And finally we force the elimination of premises.

5.2.1. Simplify RB

This step consists of solving the redundancy situations identified as part of the
consistency analysis of the rule base (see rows 4–6 in the Table II, included in the
Section 4.1). Removing redundancy let us achieve a more interpretable and compact
rule base. Following solutions are proposed:

(4) Identical rules ⇒ Remove one of the rules.
(5) Redundant rules ⇒ Remove the most specific rule, but only if it is an induced rule, or

it is an expert rule and the most general rule is an expert rule too. Expert rules have
priority.

(6) Partial redundancy ⇒ Remove the redundant part of the rules. Let us note that this case
of partial redundancy may avoid a largest number of rules.

5.2.2. Merge Rules

A linguistic analysis of the rule base is made to detect rules that can be merged.
Two rules can be merged if they are of the same nature (expert or induced rules) and
also satisfy next condition: They have the same conclusion and their premises can
be merged, i.e., the combination of both linguistic labels is an allowed composite
linguistic term.
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Figure 9. Rule generalization and possible conflicts.

The procedure for merging rules follows next sequence of steps, which are
repeated until the whole rule base is analyzed:

1. Evaluate the accuracy of the KB.
2. Merge two rules that can be merged.
3. Evaluate the accuracy of the new KB.
4. If (new accuracy ≥ old accuracy minus AccThres) Then (accept changes) Else (changes

are discarded).
5. Go to 2.

To keep or discard changes, the rule base consistency has to be checked too.
The simplification process produces a generalization, a simplified rule may cover
an input space that was not initially managed, for instance because there are no
available data in this zone. It is necessary to check that the simplification does not
lead to inconsistency as illustrated in Figure 9. Even R1 and R2 are linguistically
compatible to be merged, as the R3 input space would be included into the new one,
their fusion has to be discarded.

The two previous steps (simplify RB and merge rules in Figure 8) are indepen-
dent of the rule ordering; this is not the case for the next ones, rule and premise
removal.

5.2.3. Force Rule Removal

This step is needed to remove those induced rules that cover a small number
of data cases which are also managed by other rules. To force the elimination of an
element (rule, premise, or variable) of the KB consists of removing it, checking the
KB accuracy does not decrease more than the user-defined threshold.

The procedure begins by examining the less influential rules. Different criteria
to weigh the rules have been described in the literature.32 We introduce a new one,
which takes into account both positive examples (those cases which match the rule
whose conclusion is the same as that in the selected rule) and negative ones.

Let us consider rule R, with conclusion Cq , where A
j

i stands for the j th
linguistic term of the ith variable.
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R: If X1 is A
j

1 AND · · · AND Xn is Ak
n Then Output is Cq

Let µR(xp) be the matching degree of the pth item to the rule R. It is computed as

µR(xp) = µ
A

j

1

(
x

p

1

) ∧ · · · ∧ µAk
n

(
xp

n

)

where µ
A

j

i
(xp

i ) is the membership degree of x
p

i to the A
j

i fuzzy set.
Let |CR

q | and |C̄R
q | the sum of the matching degree of all the positive and

negative examples, for the rule R. They are computed as

∣∣CR
q

∣∣ =
∑

xp∈ Class Cq

µR(xp),
∣∣C̄R

q

∣∣ =
N∑
h=1

(h�=q)

∣∣CR
h

∣∣

where N stands for the number of classes.
Finally, the rule R weight is given by wR = |CR

q | − |C̄R
q |. And rules are sorted

according to their weight in an increasing order.

5.2.4. Force Premise Removal

The goal of this step is to achieve rules as compact as possible, only keeping
those really influential variables by rule. The procedure starts to force the elimination
of premises in the more complex rules, those with a greater number of canonical
fuzzy propositions on form Xi is A

j

i . For each rule, it begins by removing premises
related to those inputs less used in the rule base. Therefore, a new ordering of
the rule base (rules and premises) according to these criteria is needed. First, rules
are ordered by number of premises. Second, input variables are ranked regarding
the number of times they are used in the rule base. Note that this ordering is made
regarding the rule base complexity. Hence, it is different from the one made in
the previous section, which was guided by the rule weights. If after removing one
premise the KB accuracy does not decrease below the user-defined threshold, then
this premise is deleted from the rule.

Consequently, this step leads to break down potential deadlock situations in
the simplification process. It can be illustrated through an example. R1 and R2
have the same conclusion, but their premises cannot be merged because they are not
linguistically compatible (B1

2 and B3
2 are not neighbor terms):

R1: If X1 is A1
1 AND X2 is B1

2 Then Output is C1

R2: If X1 is A1
1 OR A2

1 AND X2 is B3
2 Then Output is C1

R12: If X1 is A1
1 OR A2

1 Then Output is C1

However, if it is possible to remove at least one of the incompatible canonical fuzzy
propositions (X2 is B1

2 , X2 is B3
2 ), then R1 and R2 could be merged as R12 in

the next iteration of the simplification process. Thus, this step also makes a rule
generalization. R12 is able to manage input space areas, which were managed
neither R1 nor R2.
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Figure 10. Data base reduction process.

The rule base simplification procedure does not modify the fuzzy partitions,
but some new composite labels could appear in the rule base description. The data
base reduction process updates the variable fuzzy partitions to take into account the
result of this simplification step.

5.3. Data Base Reduction

The data base reduction procedure is made up of four phases (see Figure 10).
The first three ones are independent of the rule order in the rule base:

1. Look for variables which are used by none of the rules and propose to remove them
(remove unused variables).

2. Look for labels which are used by none of the rules and propose to remove them (remove
unused labels). If one label is used by none of the rules, then it can be removed. However,
to keep a SFP, adjacent fuzzy sets are expanded. The right boundary of the previous
membership function is set to the center of the next one, and the left boundary of the next
one is set to the center of the previous one. Figure 11 illustrates how A2 is removed from
top to middle pictures.

3. Look for adjacent labels which are always used together and propose to merge them into a
new one (merge adjacent labels always used together). The algorithm makes a linguistic
analysis of the rule base to find out which labels are used for each variable in at least
one rule. When an OR composite label is used but its component labels are not, neither
alone nor in another OR composite label, then the merge of component labels is proposed.
Merge labels at this level implies to modify the fuzzy partition definition. A new label
is built as the convex hull of the old component labels and it substitutes to them in the
partition. Figure 11 shows the merging of A3 and A4 from middle to bottom pictures.

4. Try to delete a variable from all the rules (force variable removal). The goal is to achieve
a KB as compact as possible, only keeping those really influential variables. To avoid that
the order of inputs influences the result of this step, an ordering of variables has to be made
previously. Inputs are ranked according to the number of times that they are used in the
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Figure 11. Removing and merging labels within a SFP.

rule base. If after removing one of the variables (from all the rules), the KB accuracy does
not decrease below the user-defined threshold, then this variable is deleted from the KB.

At the end of the simplification phase, the KB is fully operative and ready to be
used. The result is a consistent and compact KB with a good interpretability-accuracy
trade-off.

6. EXPERIMENTS

The new methodology proposed in this paper was evaluated using four bench-
mark classification databases:b

bThe four data sets are available from the UCI (University of California, Irvine, CA) machine-
learning repository (http://www.ics.uci.edu/-mlearn/MLSummary.html).

International Journal of Intelligent Systems DOI 10.1002/int



780 ALONSO, MAGDALENA, AND GUILLAUME

• WBCD: Wisconsin breast cancer. This data set was obtained from the University of
Wisconsin Hospitals, Madison, from Dr. William H. Wolberg. It consists of 683 samples
(incomplete patterns with missing values are not taken into consideration) that involve nine
features obtained from fine needle aspirates, for two cancer states (benign or malignant).
Hence, we are going to build a KB with nine inputs and one output (two classes).

• BUPA: Bupa liver disorders. This database was created by Bupa Medical Research
Company, and it is made up of 345 samples related to diagnosis of liver disorders. The
problem consists of making a diagnosis (based on blood tests and alcohol consumption)
on a male patient to predict whether the patient has a liver disorder. The KB will include
six inputs and one output (two classes).

• GLASS: Glass identification. This database includes 214 cases. They were collected in a
study of classification of types of glass that was motivated by criminological investigation.
Nine attributes were used for characterizing six kinds of glass. Thus the KB is made up
of nine inputs and one output (six classes).

• WINE: Wine recognition. This data set contains 178 instances, the results of a chemical
analysis of wines grown in the same region in Italy but derived from three different
cultivars. The analysis determined the quantities of 13 constituents found in each of the
three types of wines. Therefore, the KB includes thirteen input variables and one output
(three classes).

These four databases correspond to diagnosis problems where the interpretabil-
ity of the KB is highly appreciated. An intelligent system can be built to help an
expert (doctor, wine specialist, etc.) in his/her diagnosis. The system has to be accu-
rate enough; the percentage of correct diagnosis must be high, of course. However, it
must be highly interpretable too. Thus the main goal of these experiments is to find
knowledge bases with a good accuracy-interpretability trade-off for all problems
under consideration.

6.1. Description of the Experiments

The whole process is focused on the automatic generation of knowledge bases
from data: Expert knowledge about these problems is limited to the names of input
variables and output classes. Obviously the authors are not experts in medicine,
glasses, or wines; moreover, this way of doing allows a fair comparison with auto-
matic methods.

Two different rule bases (RB1 and RB2) are induced and then merged (rule
integration) according to the global process shown in Figure 12. It is described in
detail in the following subsections. Rounded numbers point out the sequence of steps.

6.1.1. Data Distribution and Z-Fold Cross-Validation

The same procedure is followed in the four selected databases. A Z-fold cross-
validationc is made over the whole data set. It is divided into Z parts of equal size,
and each part keeps the original distribution (percentage of elements for each class)
in the whole set.

cCross-validation is a method for estimating generalization error based on resampling.38,39

It is often used for choosing among different models.
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Figure 12. Overall schema of the experiments.

First of all (step 1), previous to the data set division, regular partitions of five
terms are built for each input variable, the range of the universe is extracted from the
whole data set. Then, the same process is repeated Z times. One part (test set) is used
to assess the final RB, whereas the other Z − 1 parts are used as training set (steps 2
and 3). Two cases are considered (step 4): First, only the regular partitions (RP) are
used; second, the regular partitions compete with induced ones from the training set.
The best suited one (BP) is kept. Afterwards (steps 6–8), two distinct rule bases (RB1
and RB2) are built from the whole training set (following different ways; see Figure
12) using the partitions previously defined (linguistic variables). Both rule bases
are integrated into a unique one as described in the rule integration process (steps
9 and 10). Then (step 11), both accuracy and interpretability indices are computed
(quality evaluation). Finally, the Z, Z = 10 in our case, results are averaged.

Two different rule induction methods are used for generating each rule base.
First, clustering techniques (CL) are used (previous to rule induction) to build
prototype rules. These rules are likely to be very general, like expert rules usually
are. In our experiments the well-known kmeans algorithm is used. It only requires
one parameter, the number of clusters, chosen as five times the number of classes.
The k cluster centroids generated by k-means are stored in a new training set
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(training set 1 in Figure 12), used in the RB1 generation. Afterwards, RB2 may
be built directly from the whole training set, but the induced rules are likely to be
redundant with the prototype rules in RB1. Therefore, first there is a need of a data
selection process (DS). It consists of generating a new training set (training set 2)
by removing from the whole training set the samples managedd by the prototype
rules. The new training set is used in the RB2 generation.

6.1.2. Fuzzy Partition and Rule Base Design

A number of algorithms can be found in the specialized literature for generating
partitions from data. We use the following ones: hierarchical fuzzy partitioning
(HFP),33,34 and K-means.35 These methods as well as those selected for inducing
rules are implemented in Fispro.36

The three partitions (regular, HFP, and K-means) are compared according
to three criteria. A good partition should minimize the partition entropy37 and
maximize both the partition coefficient37 and the Chen index.40 An absolute majority
voting process is applied. The partition winning at least two criteria is selected.

Once the fuzzy partitions are defined, linguistic rules are induced from data. A
number of methods are available in the literature,17,18 but we choose the one pro-
posed by Wang and Mendel (WM),41 and the popular fuzzy decision tree (FDT).42

According to the classification proposed in Ref. 43, WM is a prototype-oriented
strategy because it starts from examples and generates complete rules: Each rule
considers all the available variables. These rules are likely to be simplified. On the
other hand, FDT builds incomplete rules that are usually more general than those
obtained with WM. Note that machine learning is not the main topic of the paper,
and we are not discussing further the induction algorithms used in the experiments.
Moreover, the proposed methodology offers a general framework where other in-
duction techniques could be used. The WM implementation is the one available
in Fispro,36 which differs from the original one in the fuzzy partition design step.
Interpretable fuzzy partitions are defined previous to rule induction.

In the simplification procedure, as explained in Section 5.1, some thresholds
are considered. The loss user-defined threshold (AccThres) is set to zero, i.e., the
simplified KB accuracy is always greater than or equal to the original one. The
ambiguity threshold (AmbThres) is also set to zero. Finally, the threshold � for
unclassified cases is set to 0.1.

6.1.3. Multiobjective Selection

Twelve ways for building the KB are analyzed. Figure 13 shows all possible
options, where RP stands for regular partitions, BP means best partitions, CL is
clustering previous to rule induction, WM means Wang and Mendel algorithm, FDT
stands for fuzzy decision tree algorithm, DS is data selection in training set previous
to rule induction, SC means analysis of consistency and solution of conflicts, S
stands for simplification procedure, and O stands for optimization procedure.

dAn item is considered as managed by a prototype rule if its firestrength is higher than a
threshold (set in this case to 0.6).
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Figure 13. Different ways for generating a knowledge base.

The optimization process only affects the fuzzy partitions. It comes to member-
ship function tuning. It is constrained to maintain the SFP property. The algorithm
used was proposed by Solis and Wetts.44 The goal is not to find the global optimum,
but, to improve accuracy by a few evolution cycles.

Note that ways (5–8) are included in the analysis for comparison purpose.
They involve only one rule base, built from the whole training set, and as a result no
consistency analysis is needed. However, the rule integration is mandatory when two
rule bases are considered. In these situations, the simplification process is carried
out twice. The first one, previous to the consistency analysis, makes the main
effort. It yields a compact KB, reducing its size through removing redundancies,
to increase interpretability, while keeping accuracy (remember that the AccThres
is set to zero). Nevertheless, a second run of the simplification process is needed
after the consistency analysis as some conflictive rules are expanded during the
conflict-solving phase. In both steps, the simplification keeps the KB consistency,
i.e., it does not introduce new inconsistencies.

Each way is evaluated regarding accuracy and interpretability, with the aim of
finding the best trade-off between both properties. First of all, we looked for Pareto
optimal solutions among the whole set of solutions. A Pareto optimal solution is
one that is not dominated by any other solutions, i.e., there is not any solution which
is better than this one in accuracy and interpretability at the same time. Then, we
chose the best solution depending on the selected criteria to maximize, accuracy
and/or interpretability.

Interpretability is measured by the index proposed in Section 3.1, and accuracy
by the one defined in Equation 5.

6.2. Results and Discussion

The best optionse of the multiobjective problem, those nondominated by other
ones, which form a Pareto front (shown with a bold line) are plotted in Figures 14

eTables A1 and A2 in the appendix show the 10-fold cross-validation average results for the
four problems. TRAINING column shows results related to the training data set, TEST column
presents results using the test set, Acc stands for accuracy index, and Int stands for interpretability
index.
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Figure 14. Medical diagnosis: BUPA and WBCD Pareto fronts.

and 15. On the one hand, results related to BUPA and WBCD problems, which
correspond to medical diagnosis applications, are depicted in Figure 14. On the
other hand, Figure 15 shows results obtained in the other two classification problems,
GLASS and WINE. The interpretability index (vertical axis) is plotted versus the
accuracy one (horizontal axis). Both indices can take values between zero and one.
However, the horizontal axis values are limited to the interval [0.5, 1] because all
Pareto solutions are included in this interval. Since both figures have the same
format, results can be directly compared.

Solutions, related to maximum accuracy and best trade-off, are emphasized
in the figures by black disks. Note that the best trade-off is chosen by hand as a
compromise between both indices. Given a solution, the closer to the upper right
corner of the figure the better. If two solutions are similar regarding accuracy, the
most interpretable is chosen. By the way, as expected, for each dataset the accuracy
assessed on training patterns is always better than the one over test sets.

As seen in Figures 14 and 15, the solution BP CL WM DS FDT S SC S O
appears in almost all the Pareto fronts (it is emphasized in the figures by *). In
the WBCD and WINE problems, this solution produces simultaneously a good
accuracy-interpretability trade-off regarding training and test patterns. Let us
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Figure 15. Classification: GLASS and WINE Pareto fronts.

understand its meaning. First, the best partitions (BP) are built for each variable,
after comparing regular and induced partitions according to several criteria. Second,
clustering techniques (CL) are applied to generate a small training set made up of
cluster centroids. The most suitable rule induction algorithm for building prototype
rules from this training set is Wang and Mendel (WM). Third, a data selection pro-
cess (DS) is used for generating a second training set. Then, general rules are built
from this data set. The best rule induction algorithm for getting general compact
rules is fuzzy decision tree (FDT). The next step is the rule base integration, both
prototype and induced rules are integrated in only one rule base through simplifica-
tion, consistency analysis, and optimization phases. First, the simplification process
(S) is carried out increasing the interpretability but preserving the accuracy and
consistency. Second, conflictive rules are expanded and consistency problems are
solved (SC). Then, a new simplification step (S) is needed to achieve an as compact
as possible KB. Finally, the optimization process (O) improves the accuracy while
keeping the interpretability.

As it can be appreciated in Figure 16 the obtained knowledge bases are easily
understandable. This KB was generated from one of the 10 folds in the WBCD
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Figure 16. One of the knowledge bases built for the WBCD dataset.

dataset, and following the option BP CL WM DS FDT S SC S O. Although nine
features are available, only two of them are used in this KB. Moreover, the initial
number of linguistic terms for each input variable was set to five but the final inputs
only have two and three labels. Finally, three linguistic rules characterize the two
breast cancer states (benign/malignant), yielding a compact and accurate KB, which
is easy to analyze to a doctor. The area where there is not an explicit linguistic rule
is managed by the integration of all the rules. Each rule has main influence in a part
of this area as it is illustrated in the figure by the use of different patterns.

In the BUPA dataset, results are better regarding only regular partitions (RP).
The best trade-off for training and test patterns is achieved by RP CL WM DS FDT
S SC S O solution. On the other hand, the low accuracy may be due to one input
variable, alcohol consumption, which seems to be quite unreliable as it is provided
by the patient himself.

The solution RP CL FDT DS FDT S SC S O yields the best trade-off in the
GLASS dataset. The accuracy index is quite low because it is a very complex
problem with a big number of input variables (nine) and output classes (six).

Solutions involving only one rule base (ways 5–8 in Figure 13) achieve high
accuracy, they usually are the most accurate solutions in all the Pareto fronts.
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Table IV. Summary of results obtained by HILK over test data sets.

HILKmaxAcc HILKbestT radeoff

AccT ST (Int) (rules) (premises) AccT ST (Int) (rules) (premises)

WBCD 0.965 (0) (28.7) (90.2) 0.942 (0.685) (4.4) (7.7)
BUPA 0.641 (0.219) (8.6) (21.6) 0.577 (0.613) (5.4) (11.1)
GLASS 0.658 (0) (96.7) (382.2) 0.626 (0.298) (15.8) (44.7)
WINE 0.944 (0.008) (12.2) (33.3) 0.927 (0.554) (6.2) (14.5)

However, their interpretability is very poor; the interpretability index is near zero in
all cases.

Obtained results can be compared with those gained by other well-known tech-
niques. The main results are summarized in Tables IV and V. Table IV shows the best
results in terms of maximum accuracy (HILKmaxAcc) and trade-off (HILKbestT radeoff ),
yielded by the proposed methodology according to TEST evaluation. On the other
hand, Table V shows results got by other popular approaches. Weka,45 a free soft-
ware tool for data-mining tasks, has been used to build knowledge bases for the four
problems under consideration, with the same 10 fold sets. Error rate is computed.
Our accuracy index can be compared with AccT ST = 1 − (Error rate)/100. Two
general methods of machine learning are studied: Naive Bayes46,47; and C4.5 intro-
duced in Ref. 48 and improved in Ref. 49, the well-known Quinlan’s crisp decision
trees (J48 in Weka).

Naive Bayes does not give any information about interpretability. As a result,
the comparison only can be made in terms of accuracy, which is comparable in
both approaches. In BUPA and GLASS, results obtained by HILK achieve a higher
accuracy than those reported by Naive Bayes. Nevertheless, HILK accuracy is
slightly lower in the other two problems, WBCD and WINE.

C4.5 builds decision trees, which are acknowledged as a very interpretable
knowledge representation.50 Nevertheless, they are crisp trees, and as a result it
cannot be considered as a robust technique. The tree accuracy strongly depends
on the threshold values that define the tree configuration. Slight modifications in
the data can yield to a great number of errors. Moreover, these values are chosen
regarding the training data. Thus, they are different for all the 10 fold sets.

Table V. Results achieved by other approaches.

Naive Bayes C4.5

AccT ST AccT ST (rules) (premises)

WBCD 0.963 0.96 (10.5) (41.6)
BUPA 0.553 0.687 (23) (121.6)
GLASS 0.495 0.658 (24) (142.7)
WINE 0.966 0.938 (5.4) (13.7)
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Figure 17. C4.5 crisp tree for the same knowledge base illustrated in Figure 16.

Tree interpretability is assessed in terms of tree dimension (number of leaves,
and tree size). To make a comparison with HILK, the number of leaves can be
compared with the total number of rules, and the tree size (computed as the sum of the
number of nodes in every branch) is equivalent to the total number of premises. C4.5
results show a best trade-off between interpretability and accuracy than HILKmaxAcc

results. Both results are similar in terms of accuracy, but C4.5 achieves more compact
models. However, HILKbestT radeoff results are more robust and even better in terms
of interpretability. Of course, the interpretability improvement is obtained at the
cost of a reasonable loss of accuracy. Figure 17 shows the same knowledge base
illustrated in Figure 16 but using C4.5 instead of HILK methodology. C4.5 yields
greater accuracy regarding training patterns but it is the same in relation with test
set. From the interpretability point of view, KB built by HILK is simpler and more
understandable. HILK involves only two input variables linked in three rules. C4.5
crisp tree includes four input variables and it is equivalent to five more complex
rules.

In short, HILK results are comparable in terms of accuracy to those achieved by
Naive Bayes and C4.5, but they are usually much better in terms of interpretability.
Nevertheless, in the WINE dataset C4.5 results seem to get a better trade-off between
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Table VI. Class distribution in the four problems.

Dataset Class distribution

WBCD Benign (65%), Malignant (35%)
BUPA Yes (42.03%), No (57.97%)
GLASS class 1 (32.71%), class 2 (35.51%), class 3 (7.94%), class 4 (6.074%),

class 5 (4.205%), class 6 (13.561%)
WINE class 1 (33.146%), class 2 (39.887%), class 3 (26.967%)

accuracy and interpretability. Both results are comparable regarding interpretability,
but C4.5 yields a better accuracy. It could be due to the WINE class distribution
is quite well balanced, the difference between both majority and minority classes
is lower than 13% (see Table VI). Classical classification techniques, like C4.5 or
Naive Bayes, are likely to get good results when classes are well balanced, but as
it can be seen in Tables IV and V, results are not so nice when classes are clearly
unbalanced like in the other three problems (WBCD, BUPA, and GLASS).

7. CONCLUSIONS

This paper presents a new methodology, HILK, for building knowledge bases
with a good balance between accuracy and interpretability. It sets a general frame-
work where a KB may include knowledge extracted from different sources. Two
kinds of knowledge, expert knowledge and knowledge extracted from data, are
considered. They convey complementary information, and their fusion can lead to
compact and robust knowledge bases. The fuzzy logic formalism allows the expres-
sion of both types of knowledge using the same linguistic variables.

The proposed methodology is tested in four classification problems, where the
expert knowledge is quite reduced. However, the achieved results are encouraging.
A set of nondominated solutions, which form a Pareto front, have been obtained
for each case. The best option can be chosen according to the criteria to maximize,
accuracy and/or interpretability. The proposed approach leads not only to a good
balance between accuracy and interpretability but also to a simultaneous improve-
ment of both in some cases. The final KB (after consistency analysis, simplification,
and optimization) is more compact and transparent, but also more accurate than the
initial one. Results prove that the integration of two different rule bases can yield
better accuracy-interpretability trade-off than the use of only one rule base.

Obtained results are compared with those achieved by other well-known tech-
niques, Naive Bayes and C4.5. The comparison shows that both results are com-
parable in terms of accuracy, but HILK ones are usually much better in terms of
interpretability.

Finally, note that these experiments only show a small part of HILK power. They
only regard induced knowledge from data, for an easy comparison with automatic
methods, whereas HILK is a methodology for solving problems where both expert
knowledge and experimental data are available, and KB interpretability is of prime
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importance. It has been used in robotics for diagnosis of motion problems.51 In
the future, it could be also used in other fields such as medical or environmental
applications, where the interaction with human beings makes necessary to look for
robust and highly interpretable solutions.

All HILK results presented in this paper were reached using KBCT,52 a free
software tool (distributed under the terms of the GNU general public license) for
generating and refining fuzzy knowledge bases.
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23. Alcalá R, Alcalá-Fdez J, Casillas J, Cordón O, Herrera F. Hybrid learning methods to get
the interpretability-accuracy trade-off in fuzzy modeling. Soft Computing—A Fusion of
Foundations, Methodologies and Applications 2006;10(9):717–734.

24. Mencar C, Castellano G, Fanelli AM. Some fundamental interpretability issues in fuzzy
modeling. In: Joint EUSFLAT-LFA 2005, Barcelona, Spain, September 7–9, 2005. pp. 100–
105.

25. Valente de Oliveira J. Semantic constraints for membership function optimization. IEEE
Trans Syst Man Cybern A 1999;29(1):128–138.

26. Ruspini EH. A new approach to clustering. Inform Control 1969;15(1):22–32.
27. Miller GA. The magical number seven, plus or minus two: Some limits on our capacity for

processing information. Psychol Rev 1956;63(2):81–97.
28. Nauck DD. Measuring interpretability in rule-based classification systems. In FUZZ-IEEE

2003, St. Louis, MO. May 25–28, 2003. vol 1, pp 196–201.
29. Alonso JM, Guillaume S, Magdalena L. A hierarchical fuzzy system for assessing in-

terpretability of linguistic knowledge bases in classification problems. In: IPMU 2006.
Information Processing and Management of Uncertainty in Knowledge-Based Systems,
Paris, France, July, 2-7, 2006. pp 348–355.

30. Alonso JM, Guillaume S, Magdalena L. Un indice d’interprétabilité des bases de règles
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APPENDIX

Table A1. Results with 10-fold cross-validation (WBCD and BUPA).

WBCD BUPA

Acc Acc

TRAINING TEST Int TRAINING TEST Int

1 RP WM 1 0.665 0 0.734 0.562 0
2 RP WM S 1 0.955 0 0.736 0.626 0
3 RP WM S O 1 0.955 0 0.744 0.594 0
4 BP WM 1 0.657 0 0.9 0.464 0
5 BP WM S 1 0.96 0 0.9 0.6 0
6 BP WM S O 1 0.96 0 0.9 0.6 0
7 RP FDT 0.998 0.962 0 0.668 0.591 0
8 RP FDT S 0.998 0.959 0 0.668 0.591 0.02
9 RP FDT S O 0.999 0.959 0 0.696 0.597 0.02
10 BP FDT 1 0.963 0 0.846 0.586 0
11 BP FDT S 1 0.965 0 0.846 0.579 0
12 BP FDT S O 1 0.965 0 0.847 0.582 0
13 RP CL WM DS WM 0.874 0.783 0 0.648 0.559 0
14 RP CL WM DS WM S SC S 0.907 0.909 0.495 0.66 0.617 0.145
15 RP CL WM DS WM S SC S O 0.919 0.921 0.495 0.68 0.623 0.145
16 BP CL WM DS WM 0.867 0.786 0 0.691 0.58 0
17 BP CL WM DS WM S SC S 0.906 0.903 0.616 0.729 0.623 0
18 BP CL WM DS WM S SC S O 0.907 0.906 0.616 0.737 0.629 0
19 RP CL WM DS FDT 0.891 0.876 0 0.614 0.56 0
20 RP CL WM DS FDT S SC S 0.943 0.94 0.635 0.653 0.632 0.219
21 RP CL WM DS FDT S SC S O 0.949 0.943 0.635 0.684 0.641 0.219
22 BP CL WM DS FDT 0.875 0.849 0 0.664 0.588 0
23 BP CL WM DS FDT S SC S 0.936 0.934 0.685 0.704 0.623 0.1
24 BP CL WM DS FDT S SC S O 0.949 0.942 0.685 0.709 0.62 0.1
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Continued.

WBCD BUPA

Acc Acc

TRAINING TEST Int TRAINING TEST Int

25 RP CL FDT DS WM 0.89 0.828 0 0.604 0.537 0
26 RP CL FDT DS WM S SC S 0.909 0.89 0.607 0.645 0.585 0.203
27 RP CL FDT DS WM S SC S O 0.926 0.909 0.607 0.651 0.585 0.203
28 BP CL FDT DS WM 0.884 0.824 0 0.704 0.528 0
29 BP CL FDT DS WM S SC S 0.92 0.906 0.594 0.758 0.6 0
30 BP CL FDT DS WM S SC S O 0.932 0.914 0.594 0.761 0.594 0
31 RP CL FDT DS FDT 0.876 0.846 0.064 0.559 0.546 0.052
32 RP CL FDT DS FDT S SC S 0.922 0.905 0.745 0.608 0.574 0.613
33 RP CL FDT DS FDT S SC S O 0.926 0.903 0.745 0.616 0.577 0.613
34 BP CL FDT DS FDT 0.875 0.852 0.112 0.672 0.559 0
35 BP CL FDT DS FDT S SC S 0.915 0.905 0.669 0.711 0.595 0
36 BP CL FDT DS FDT S SC S O 0.92 0.905 0.669 0.722 0.592 0

Table A2. Results with 10-fold cross-validation (GLASS and WINE).

GLASS WINE

Acc Acc

TRAINING TEST Int TRAINING TEST Int

1 RP WM 0.697 0.486 0 1 0.602 0
2 RP WM S 0.699 0.522 0 1 0.933 0.036
3 RP WM S O 0.717 0.537 0 1 0.928 0.036
4 BP WM 0.859 0.532 0 1 0.09 0
5 BP WM S 0.861 0.602 0 1 0.932 0.126
6 BP WM S O 0.865 0.602 0 1 0.937 0.126
7 RP FDT 0.751 0.635 0 1 0.943 0
8 RP FDT S 0.751 0.621 0 1 0.944 0.008
9 RP FDT S O 0.775 0.617 0 1 0.944 0.008
10 BP FDT 0.847 0.658 0 1 0.938 0
11 BP FDT S 0.848 0.644 0 1 0.921 0.011
12 BP FDT S O 0.86 0.639 0 1 0.921 0.011
13 RP CL WM DS WM 0.688 0.565 0 0.86 0.787 0
14 RP CL WM DS WM S SC S 0.701 0.626 0.1 0.894 0.838 0.663
15 RP CL WM DS WM S SC S O 0.734 0.654 0.1 0.906 0.826 0.663
16 BP CL WM DS WM 0.714 0.579 0 0.86 0.798 0
17 BP CL WM DS WM S SC S 0.741 0.617 0 0.906 0.882 0.604
18 BP CL WM DS WM S SC S O 0.743 0.627 0 0.925 0.899 0.604
19 RP CL WM DS FDT 0.711 0.592 0 0.915 0.866 0
20 RP CL WM DS FDT S SC S 0.699 0.612 0.129 0.921 0.871 0.601
21 RP CL WM DS FDT S SC S O 0.74 0.645 0.129 0.948 0.91 0.601
22 BP CL WM DS FDT 0.713 0.584 0 0.914 0.882 0.006
23 BP CL WM DS FDT S SC S 0.742 0.617 0.168 0.934 0.91 0.554
24 BP CL WM DS FDT S SC S O 0.758 0.622 0.168 0.964 0.927 0.554
25 RP CL FDT DS WM 0.659 0.575 0 0.874 0.764 0

(Continued)
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Continued.

GLASS WINE

Acc Acc

TRAINING TEST Int TRAINING TEST Int

26 RP CL FDT DS WM S SC S 0.686 0.585 0.32 0.911 0.871 0.553
27 RP CL FDT DS WM S SC S O 0.713 0.599 0.32 0.941 0.876 0.553
28 BP CL FDT DS WM 0.724 0.588 0 0.854 0.765 0
29 BP CL FDT DS WM S SC S 0.743 0.612 0.066 0.897 0.832 0.334
30 BP CL FDT DS WM S SC S O 0.749 0.621 0.066 0.921 0.821 0.334
31 RP CL FDT DS FDT 0.642 0.617 0 0.922 0.842 0
32 RP CL FDT DS FDT S SC S 0.675 0.588 0.298 0.934 0.859 0.395
33 RP CL FDT DS FDT S SC S O 0.719 0.626 0.298 0.959 0.893 0.395
34 BP CL FDT DS FDT 0.709 0.621 0 0.907 0.854 0.017
35 BP CL FDT DS FDT S SC S 0.731 0.654 0.14 0.931 0.854 0.598
36 BP CL FDT DS FDT S SC S O 0.747 0.645 0.14 0.953 0.86 0.598
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